Abstract-This paper addresses the design of output feedback sliding mode tracking control for single-input-singleoutput (SISO) uncertain linear plants with arbitrary relative degree. A monitoring function is used to cope with the lack of knowledge of the control direction, i.e., the high frequency gain sign. The proposed scheme guarantees global asymptotic stability with respect to a compact set. Moreover, asymptotically exact output tracking is obtained. To this end, a key element is a hybrid nonlinear filter which performs exact signal differentiation based on higher order sliding modes. The proposed controller is evaluated with a DC motor control experiment.
I. INTRODUCTION
The control of uncertain plants with unknown control direction, is a classical problem in the adaptive control literature. The Nussbaum gain has been played a major role in this context [2] , [3] , however, it is of arguable practical interest, due to the large transients and lack of robustness that may result [3] [4] . In contrast to the adaptive control literature, few publications are available in the domain of sliding mode control (SMC) for this class of plants. In [5] , a SMC was proposed for a quite general class of uncertain nonlinear systems. However, state feedback was required. In [6] , a hybrid scheme was proposed for uncertain first order nonlinear systems. It was argued that the proposed scheme could avoid the large transient resulting from the Nussbaum gain approach. An output feedback tracking SMC scheme for uncertain linear plants with relative degree one was introduced in [1] where, in lieu of the Nussbaum gain, the controller was based on a switching algorithm driven by an appropriate monitoring function of the output error.
In this paper, we extend the controller of [1] to the case of linear plants with arbitrary relative degree. The proposed solution is based on the compensation of the excess of relative degree by means of a hybrid lead filter [10] which combines a conventional linear lead filter and robust exact differentiators (RED) [11] .
The application of the controller to a real DC motor control is included to show the viability of its practical implementation.
Preliminaries: The 2-norm (Euclidean norm) of a vector x and the corresponding induced of a matrix A are denoted by |x|, or |A|, respectively. The L ∞e norm of the signal [jacoud,tiagoroux,liu]@coep.ufrj.br x(t) ∈ IR n is defined as x t,t0 := supt 0 ≤τ ≤t |x(τ )|. For t 0 = 0, the notation x t := sup 0≤τ ≤t |x(τ )| is adopted. The symbol "s" represents either the Laplace variable or the differential operator "d/dt", according to the context.
As in [8] , [9] , the output of a linear time invariant (LTI) system with transfer function H(s) and input u is given by H(s)u. Pure convolution h(t) * u(t) is denoted by H(s) * u, where h(t) is the impulse response of H(s). Function classes K, K ∞ are defined according to [12, p.144] .
II. PROBLEM FORMULATION Consider an uncertain SISO LTI plant
where u is the control input, y is the output, d e (t) is a matched input disturbance and G p (s) is a strictly proper transfer function. In addition to the usual assumptions of MRAC (Model Reference Adaptive Control), i.e., the plant is minimum-phase, has known order n and known relative degree [9] , we assume that: (A1) the unknown parameters of G p (s) belong to a known compact set; (A2) the input disturbance d e is piecewise continuous and uniformly bounded with a known boundd e (t) satisfying |d e (t)| ≤d e (t) ≤ d sup , ∀t ≥ 0, whered sup > 0 is a constant; (A3) the sign of the high frequency gain k p := lim s→∞ s n * G p (s) = 0 is unknown, with n * being the relative degree of G p . The Reference Model is given by
where the reference signal r(t) is assumed piecewise continuous and uniformly bounded and D m is a monic polynomial of degree n * . The aim is to achieve global stability properties in the sense of uniform signal boundedness and asymptotic output tracking, i.e., e 0 (t) = y(t) − y m (t)
should asymptotically tend to zero (exact tracking).
III. OUTPUT ERROR EQUATION Considering the usual model reference adaptive control (MRAC) approach [9] , the output error e 0 satisfy
where
is the model matching control in the presence of d e . The regressor vector ω is composed by the states of the input filter W d (s) (BIBO stable and strictly proper), by the states of output filter, by the plant output y and by the reference signal r [9] . The ideal parameter vector θ * is unknown but is elementwise bounded by a known constant vector [7] .
Since there exists u * , in (5) , that gives the perfect model following control law, it is reasonable to restrict the class of admissible control laws by the following assumption: (A4) The control law satisfies the inequality (with k ω , k δ > 0 constants)
IV. OUTPUT FEEDBACK SLIDING MODE CONTROLLER One simple way to approach plants with n * > 1 consists in reducing the problem to the n * = 1 case by using lead filters to compensate the excess of relative degree. In the proposed control strategy (Fig.1) , a hybrid lead filter named Global Robust Exact Differentiator (GRED) [10] is used. The GRED combines linear (L/F ) and nonlinear (L red lead compensation, the latter being constructed with Levant's robust exact differentiators (RED) [11] .
The GRED provides a surrogate for the non-causal operator
The linear lead filter alone (
, leads to global stability, but cannot provide the exact estimate of the e 0 derivatives. Such filters alone are also well known to lead to control chattering with residual tracking error. On the other hand, REDs used in the block L red , allow the local exact estimate of the e 0 derivatives. However, when used in a feedback loop, only local exact differentiation can be guaranteed. A convex combination based on a continuous switching law α(·) [10] , results in ultimate exact compensation of the relative degree while assuring global stability properties of the closed loop system.
A. Control Law
According to Fig. 1 , the control signal u is defined as:
whereε 0 = (1−α)ε 0 +αε 0 . As in [1] , a monitoring function ϕ m for the auxiliary errorε 0 is used to decide when u should be switched from u + to u − and vice versa, based on the detection of a wrong estimate of sgn(k p ). The sets T + and T − satisfy T + ∪ T − = [0, ∞) and T + ∩ T − = 0, and both have the form [t k , t k+1 )∪· · ·∪[t l , t l+1 ). Here, t k or t l denote switching times for u.
B. Modulation function
A possible choice for the modulation function f (t) to satisfy the inequality f ≥ |u * |, modulo exponentially decaying terms with u * defined in (5), is given by
† is the ideal parameter vector that matches the closed loop system with an unstable reference model
This will be useful to guarantee that the control direction will be correctly found. 
C. Equivalent Structure for the Hybrid Lead Filter
According to [10, Lemma 2] , with an appropriate switching function α(·) the GRED ( Fig. 1 ) is equivalent to a linear lead filter perturbed by a uniformly bounded output measurement disturbance β α of order τ modulo exponentially decaying terms. In order to simplify the analysis, we will postpone its consideration to Subsection VII-A. Thus, in what followsε 0 = ε 0 .
V. LEAD FILTER ERROR EQUATION
In what follows, we assume that τ ∈ (0,τ ], whereτ < 1 is some sufficiently small constant. As in high gain observers, lead filters inevitably generate peaking [12] as τ → 0.
Considering the canonical controllable realization of linear lead filter L/F (Fig. 1) , the suitable similar transformation
. . ,τ −1 } leads to a peaking free state vector x f . Then, peaking appears only at the output (4), with state vector X e . From (4), the auxiliary error ε 0 (Fig.1 ) satisfies
and e 0 F is an exponentially decreasing term due to the initial conditions X e (0) and x f (0), which can be bounded by
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The first inequality in (12) holds ∀t ≥ 0, while the last one holds only ∀t ≥ t e where t e is the peak extinction time, i.e., the smallest time value for which e
, is satisfied for a given value of the parameter τ ∈ (0, 1]. It can be concluded that t e (τ ) ≤t e (τ ), wheret e (τ ) ∈ K can be obtained from the known upper bounds of the plant parameters.
VI. MONITORING FUNCTION
The monitoring function is based on the following lemma, which is valid if sgn(k p ) is correct and if t ≥t e .
Lemma 1: Consider the I/O relationship
is locally integrable in the sense of Lebesgue (LI) and β(t) and π(t) are absolutely continuous, ∀t ≥t 0 , witht 0 ≥ 0 being an arbitrary initial time. Assume that |π(t)| ≤ Re −λ(t−t0) , ∀t ≥ t 0 , where R, λ > 0 are constants. Let γ(t) be an absolutely continuous function that satisfies (∀t ≥t 0 )
If u = −f (t) sgn(ε), where the modulation function f (t) is LI and satisfies f (t) ≥ |d(t)|, ∀t ≥t 0 , then the signal
where t i is an arbitrary instant such that t i ≥t 0 .
Proof: See the proof of [8, Lemma 2] .
for simplicity. Applying Lemma 1 to (10), witht 0 :=t e and considering (12) , then the following inequality holds
Consider the available signal
, as a sum of two FOAFs, one of them with a fast pole −1/τ and such that the induced L ∞ norm of the operator W β (s, τ ) is of order O(τ ). Let
∀t ∈ [t k , t k+1 ), where λ c is given in (12) and a(k) is any positive monotonically increasing sequence satisfying a(k) → +∞ as k → +∞. The monitoring function for the arbitrary relative degree case ϕ m is defined by
The
where k ≥ 1, t 0 := 0 and t 1 :=t e . For convenience, ϕ 0 = 0, ∀t ∈ [t 0 , t 1 ), see Fig. 2 . The following inequality is directly obtained from (19) Fig. 2 . The trajectories of ϕm(t) and ε 0 (t).
VII. STABILITY ANALYSIS
In order to fully account for the initial conditions, considering the error system (4), (10), the following state vector z is used
where z 0 denotes the transient state [8] corresponding tô W d in (9) . The following inequality is a consequence of the continuity of the Filippov solutions and the particular state realization associated with x f
∀t ∈ [0, t e (τ )], ∀τ ∈ (0, τ 1 ], 0 < τ 1 ≤ 1, where V ∈ K and k z0 > 0 is a constant. It assures that z is peaking free.
The following proposition guarantees boundness of the full state z during the switching of the control direction.
Proposition 1:
Assume that (A1)-(A4) hold. Consider the complete error system (4), (8) and (10), with state z defined in (22). Let t k be the last switching time of the monitoring function (19), before the current time t. Then, there exists a sufficiently small τ 2 > 0 such that ∀τ ∈ (0, τ 2 ], the complete error system is bounded by
∀t ≥ 0, where s i (k) are positive increasing functions of k.
Proof: See Appendix . The main stability and convergence result can be stated in the following theorem (for the linear lead filter compensation):
Theorem 1: Assume that (A1)-(A4) hold, the modulation function satisfies (9) and ML(s) = k m /(s + a m ) with (k m , a m > 0). Then, for sufficiently small τ > 0, the switchings of the control sign, driven by the monitoring function (19), stop after a finite number of switchings and the complete error system (4), (8) and (10), with state z (22), is globally asymptotically stable with respect to a compact set and ultimately exponentially convergent to a residual set, both sets being independent of the initial conditions. The residual set is contained in a V(τ )-ball, with V(τ ) ∈ K.
Proof: See Appendix. Note that the results of stability with respect to a compact set, not necessarily small, accounts for the initial transient while the monitoring function has not yet stopped. This means that, even if the initial errors are very small, the initial transient may not be correspondingly small.
A. Chattering Avoidance and Exact Tracking
In Fig. 1 , the block L red represents the "exact lead filter" which implements the operator L(s) by using RED. This allows the realization of ideal sliding mode, thus eliminating the chattering caused by the lag present in the lead filter. The linear filter allows global and asymptotic convergence to some neighbourhood of the error space origin (Theorem 1) while the nonlinear filter allows ideal sliding mode which is reached asymptotically or in finite time. For illustration, we give the RED algorithm to compute the first derivative of a given signal e 0 :
which provides η 0 (t) → e 0 (t), η 1 (t) →ė 0 (t). Higher order differentiators can be found in [11] . Letβ U (t) = β α +β U (t).
We can now state the stability and exact tracking result. Corollary 1: With the hybrid lead filter and the monitoring function defined with respect to the auxiliary errorε 0 (see Fig. 1 ), according to
all results of the Theorem 1 hold. Moreover, for an appropriate modulation function, exact tracking is achieved in finite time or at least exponentially and the control sign switching stops at the correct sign.
Proof: See Appendix.
VIII. EXPERIMENTAL RESULTS
In this section, experiments with a DC motor are presented in order to verify the applicability of the proposed strategy to real systems. The experiments were performed using a laboratory prototype based on a DC motor 2342024CR from MicroMo Electronics, Inc., with built in gear box (1:43), armature voltage controlled. The control algorithm was implemented on a DSP motion control board (Arcs Inc.) hosted in a PC which contains an integrated encoder input as well as a 12-bits digital-to-analog converter to drive a linear power driver. The sampling frequency was 2.5 kHz. The motor angular position was measured using an incremental optical encoder having resolution 1000 pulses per turn (ppt). The resolution of the load angular position is 172000 ppt due to the gear box and the electronics on the card.
The following nominal relative degree two model of the DC motor is used, neglecting the small electric time constant
where y is the angular position in degrees, k p ∈ [30, 50] but can have reversed sign and the armature voltage is given by u. Two experiments are discussed here. In the first one, the objective is to validate the performance of the proposed controller for large initial tracking error as well as with initially wrong control direction. The control direction is changed in order to check the recovery capability of the controller under a change of the control direction "on-thefly". Several such changes were made during this experiment. The aim of the second experiment is to evaluate the practical advantage of RED (α = 0), compared to a linear lead filter, in a real application.
In both experiments the reference model is M (s) = In order to counteract the disturbance β α introduced by the nonlinear lead filter (see [10] ), a constant of 80 was added to the termβ U . In addition, a constant of 10 was also added to the monitoring function to reduce spurious modifications in the control direction estimate due to measurement noise. In order to simplify the control implementation, a constant modulation function was chosen to be f (t) = 5 which is sufficient enough to guarantee the model following.
In what follows, we discuss in detail the results of each experiment.
A. Experiment I
In this first experiment the reference signal is a sinusoid such that y m has amplitude 50 o and frequency 0.5 Hz. The plant initial condition are y(0) = 100 o ,ẏ(0) = 0 and the feedback is initially positive at t = 0 (wrong control direction). Several changes in the control direction were artificially introduced during the experiment as explained above. The initial response, up to t = 7s, is shown in Fig. 3(a) . The transient responses to changes in the control direction were quite satisfactory (a transient error of less than 21 o ), see Fig. 3(b) . The changes of control directions can be noted from the spikes in the tracking error. Fig. 4 is also plotted the monitoring function ϕ m and the monitoring errorε 0 (see Fig. 1 ). Note that the time range in Fig. 4 (b) is larger, to stress that the nonlinear lead filter is ultimately chosen (α = 0). 45th IEEE CDC, San Diego, USA, Dec. [13] [14] [15] 2006 FrA10.3 
B. Experiment II
In this experiment no changes are made in the control direction. In Fig. 5(a) , we start with the linear lead filter. Then for t ∈ [16, 26], we manually switch to the nonlinear lead filter (α = 0) and then finally we switch again to the linear lead filter. One can clearly note the better performance of the RED based (nonlinear) filter and the performance degradation that results due to the phase lag introduced by the linear lead filter, with τ = 0.002 (this parameter was experimentally tuned as small as possible so that the control chattering was acceptable). Fig. 5(b) and (c) correspond to the response of the system to step changes in the reference input. For t ∈ [14, 28] and t ∈ [37, 45], only the nonlinear lead filter is used, while in the remaining intervals of time, the linear lead filter is used. A noticeable control chattering results in the latter case, in steady state following a step input. In contrast, the chattering is practically eliminated in the case of the nonlinear lead filter. Thus, a remarkably superior regulation performance is observed when using the RED based nonlinear lead filter. 
IX. CONCLUSIONS
An output-feedback model-reference sliding mode controller was developed for linear uncertain systems with unknown high frequency gain sign and arbitrary relative degree generalizing the VS-MRAC controller introduced in [1] . Experiments on a DC motor position control were presented to show the practical applicability of the proposed controller in real world conditions.
The resulting controller leads to global asymptotic stability with respect to some compact set and ultimate exponential or finite time convergence of the tracking error to zero. The controller has led to quite reasonable transient behavior and the nonlinear exact differentiator has led to better performance in comparison with conventional linear differentiators.
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XI. APPENDIX

A. Proof of Proposition 1
In what follows, k i denotes positive constants that depend only on the plant-controller parameters and Ψ i (·) denotes functions of class K ∞ . From (18), (19) and (21), one has
where k ≥ 1, p = argmax i∈{1,2,...,k} |ε 0 (t i )| and t ∈ [t k , t k+1 ].
From (12) , one can conclude that (e 0 F ) t,t1 ≤ k 1 |z(0)|, with z defined in (22). Thus, reminding thatē 0 = ε 0 − β U − e 0 F the following inequality holds (∀t ≥ t 1 )
Now, since X e is the state of a stable non-minimal realization of the transfer function ML(s) = k m /(s + a m ); k m , a m > 0), it is possible to linearly transform X e to a new statē X e = P X e = ē 0X T e2
T , whereX e2 is exponentially decaying. Moreover, since x f is driven by the tracking error e 0 = h T c X e , and taking into account (23), an upper bound similar to (29) is also valid for z (22), i.e., the state z satisfies (∀t ≥ 0)
(30) Now, from (17), the small norm property of W β (s, τ ) and since f (t) is given by (9) with ω affinely bounded by X e [9] , one has
Moreover, from (30) and (31), for τ < 1/(k 2 k 5 ), we get (∀t ≥ 0) (33) whereby (24) results.
B. Proof of Theorem 1
The monitoring function has to stop switching after some finite k = k * . Indeed, since a(k) increases unboundedly as k → ∞, there is a finite value k 1 such that for k ≥ k 1 one has a(k) ≥ (2R a eλ ate ) (see (16)). It is not difficult to conclude that k * can be related to R 0 := |z(0)| reminding that R a = k a |z(0)| by definition. In fact, one can write
where k 0 > 0 is a constant and V k ∈ K ∞ . Now, from Proposition 1, it follows that, for τ sufficiently small |z(t)| ≤ V z (R 0 ) + c z ,
where, c z > 0 is a constant and V z ∈ K ∞ . Thus, if R > V z (R 0 ) + c z , then |z(t)| < R, ∀t ≥ 0. Thus, stability with respect to the ball of radius c z is guaranteed for initial conditions in the R 0 -ball. Since R 0 can be chosen arbitrarily large, global stability is concluded. If the control direction is correctly found at k = k * , then |z(t)| → V(τ ) exponentially (V ∈ K), as t → +∞, according to [8, Theorem 2] . Otherwise, the control pursues with wrong direction while all signals remain uniformly bounded ∀t > t k * . Indeed, by Proposition 1, for sufficiently small τ , all signals remain uniformly bounded after the last switching k * . Since we have chosen a modulation function capable of making the closed loop unstable if wrong control direction is applied, one can show that there exists a sign indefinite quadratic function V (z) which has positive time derivative outside a compact set around the error space origin. According to a stability analysis similar to that of Cetaev's Instability Theorem [12] , this implies that the system must enter a residual set where |X e (t)| < V(τ ) after some finite time. A rigorous proof follows closely the method of [14] . In addition, reminding that the state x f is driven by the signalē 0 = h T L X e , then the convergence of X e implies |x f (t)|, |z(t)| < V(τ ), ∀t after some finite time.
C. Proof of Corollary 1
The hybrid lead filter only introduces a disturbance β α [10] which is norm-bounded by a design constant of order O(τ ), modulo decaying exponential terms which can be embedded in e 0 F (12). This constant bound can be simply added to the bound ofβ U given in (17). The monitoring function is redefined in an appropriate way in order to monitor the perturbed auxiliary signalε 0 . The exact differentiator takes over since the error state enters the residual set (Theorem 1). Then, the system becomes exactly a relative degree one case. The control sign must be correct after the last switching at k = k * . Indeed, we had the incorrect control sign, then by using a Cetaev's Theorem argument, we could show that e 0 would not remain in the residual set of Theorem 1, which is a contradiction.
